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1Abstract
This thesis starts by addressing two modelling techniques for power systems in qd0-domain.
The first technique is the state-space representation, which describes the behaviour of a physical
systembymeans of its state variables in the time domain. The secondmodelling technique is the
admittance matrix, which expresses the voltage-current relationship of the system as a transfer
function in the frequency s-domain.
The main reason for using these two techniques is because both are equivalent, allows to model
the same system in two different ways providing different insights. This is an important point
because every modelling technique has its own drawbacks and benefits in terms of derivation
and information that they can provide. Deriving properly the model is crucial for studying the
behaviour of the system under any condition of operation.
The power network studied in this thesis is comprised by seven overhead power lines intercon-
necting five buses, this power network is addressed by the name of " Five Bus Network". The
state-space model and admittance matrix model of the five Bus network is derived and com-
pared on the basis of eigenvalues and singular values.
Later, a voltage source converter (VSC) is connected to the power system. The power system in
this thesis is comprised by a grid-connected VSC converter, an equivalent network and the five
bus network. The control system of the VSC converter is described and properly validated to
ensure its correct operation.
The two main studied interactions between the VSC converter and the power network are re-
lated to the strength of the equivalent network and the disconnection of a power transmission
line. The strength of an AC grid is normally defined by the short circuit ratio (SCR), which has
negative effects on the stability of the control system of the converter. Also, the loss of a power
line imposes new constraints on the system and changes drastically the topology of the network.
The simulations are performed inMATLAB-SIMULINK. Twomodels are created to capture the
dynamics of the system. The first is a non-linear model created in SIMULINK (VSC converter
and the AC grid) and the second is a linear model (VSC converter and the AC grid) based on
the state space representation. The linear model is validated to assure that matches the non-
linear model whenever a small perturbation in the system occurs. Results are expressed in
time-domain and in the frequency s-domain.
Finally, the obtained results shows the impact of low SCRs on the stability of the system. The
lower the SCR, the more prone the system is to become unstable. On the other hand, the loss of
a power line limits the power transfer capabilities between the converter and the network. And
if proper power adjustments are not made the system could become unstable.
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1 Introduction
1.1 Scope
The main scope of this thesis is to asses and study the interactions of a grid-connected VSC
converter with a meshed AC system. The main interactions studied in this thesis are related
to the variation of the short circuit ratio of the equivalent network and the disconnection of
a power transmission line in the network.The disconnection could be driven by a fault or a
grid operator decision. Normally, the literature studies a simplified model of a power system
which is comprised by a VSC converter and an equivalent network. This thesis goes beyond this
simplification and seeks to study a more complex and larger power system, one that is formed
by five buses and seven overhead power lines. As it will be shown in Section 6, larger power
networks introduce some dynamics that are not perceived in simplified systems.
Since the topology of the power system is complex, it is important to derive a proper model
of such system. In the literature, power systems are normally modelled in terms of its states
variables applying the state-space representation [2]. Another modelling technique is the ad-
mittance matrix [3]. This two modelling techniques are detailed and addressed in Section 2.
Moreover, in Section 3, the model of the power network is derived applying both modelling
techniques in the qd0-domain and compared to demonstrate that both techniques are equiva-
lent and lead to the same results.
The proper understanding of these modelling techniques is really important and relevant for
this thesis, because a model that is incorrect would not provide accurate results. And the be-
haviour of the system would not be assessed correctly. Once that the model of the power net-
work is obtained, the VSC converter can be connected. The VSC converter has its respective
model of the control system so it can be integrated with the power system model.
The VSC converter model is given in state-space representation, therefore, the model of the
complete power system (VSC converter, five bus network and equivalent network) is described
by means of the state-space representation. Perhaps, it is not required to derive two modelling
techniques if only one is applied. Well, for this thesis having two modelling techniques that
are equivalent ensures the exactitude and accuracy of the derived models. Also, one technique
might be more convenient than the other in terms of simplicity.
The model of the power system, which is linear because it is written in the state-space repre-
sentation is compared and validated with a non-linear model built with MATLAB-SIMULINK.
For the validation procedure a step in the outer control loop is introduced to cause a small
perturbation in the system and capture the dynamic of both models.
With the system properly validated, the short circuit ratio can be varied in order to study the
behaviour of the system under different grid strength conditions. The results obtained from
these simulations are clear and demonstrates the impact of low short circuit ratio values on the
stability of the system. Some control loops are impacted as well, specially the PLL due to the
voltage variation.
Similarly, the loss of a power line or a power line outage imposes power transfer limits on the
system. The power transfer capabilities of the VSC converter are reduced, if power set-points
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are not adjusted the system becomes unstable as the results clearly indicate in Section 7.
The stability of the electrical power system is fundamental for the proper operation of the sys-
tem. If stability is not addressed properly the system becomes unreliable, inefficient and lastly
it impacts on the economy of a society.
This thesis tries to address all the discussed topics in a simple and understandable manner and
making the content easy to follow.
1.2 Background
The development of high voltage direct current (HVDC) power transmission has brought many
advantages over high voltage alternate current (HVAC) power transmission and a set of new
possibilities [4]. With the high energy consumption of current societies actual electricity gen-
eration projects are challenged to generate and transport major amounts of energy. With the
increasing construction of offshore wind power plants, the power transmission distance has
become a challenge for energy transmission in a feasible, reliable and efficient way.
HVDC becomes the only solution for undersea power transmission above 50 km, because the
charging current above this distance for AC power lines is high and increases the reactive power
compensation for power transmission [5]. The HVDC power transmission is achieved bymeans
of a converter station that transforms the alternate current (AC) in direct current (DC) which
later is transmitted throughHVDCpower lines. Two technologies of converter/inverter stations
have been set as the standard forHVDC applications, the first technology is the Line Commuted
Converter (LCC) which relies on Thyristor valves [4]. LCC it is a proven and well developed
technology for high power applications. The second technology is the VSC converter which
relies on Isolated gate bipolar transistor (IGBT) valves. VSCs have demonstrated significant ad-
vantages over LCC, like independent active and reactive power control, black start capabilities,
grid forming mode, lower harmonic content and a considered reduced space for the physical
installation of the converter [4]. The majority of HVDC applications take place in remote areas
or far away from the main AC grid, therefore, they are normally connected to the main grid by
means of longACpower transmission lines. With long distances come an increasing impedance
of the line which reduces the short circuit capacity (SCC) of the line.
The short circuit capacity which is measured in MVA is the short circuit power that a power
transmission system or line can withstand in the presence of a short circuit. And it is given by
the following expression [6]:
SCC =
E2ac
Zth
[MVA]
Where Eac is the point of common coupling (PCC) voltage and the Zth is the Thevenin equiva-
lent impedance of the AC system.
The SCC can be related with the DC power PDC that a HVDC converter can exchange with the
AC grid to measure the strength of the grid, this new parameter that relates the SCC and the
PDC is called the short circuit ratio and is given by the following expression [7]:
SCR =
SCC
PDC
[
MVA
MW
]
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LCC converters present instability problems when connected to weak AC grids due to the reac-
tive power compensation required by the converter which makes economically and technically
unfeasible to operate under a weak AC grid [8]. There are specific values of SCRs for LCC con-
verters which define when a grid is strong or weak. In [7] the strength of the grid it has been
defined as follows:
1. A high SCR AC/DC system is categorized by a SCR value greater than 3.
2. A low SCR AC/DC system is categorized by a SCR value between 2 and 3.
3. A very low SCR AC/DC system is categorized by a SCR value lower than 2.
It was believed that VSC converters would not present any problem related to the strength of
the grid because of its control techniques (vector current control). Although, some papers have
identified some problems when working under weak and very weak AC grids.
Many authors have attempted to provide a range of SCRs under which an AC grid connected
to a VSC converter can be considered strong or weak. In [9], the authors state that the bound-
ary between strong and weak grids is in the range of 1.3 to 1.6 under certain considerations
regarding the gains of the PLL. Although, many authors consider grid strength ranges for a
VSC converter to be the same as for a LCC converter.
There is literature that encountered problems with the operation of VSC converter connected
to weak AC grid, most of them are related to instability problems of certain control loops. The
following list provides a brief description of the studies performed:
1. In [10] the resonance stability of the impedance of a VSC-HVDC system is analyzed. The
main impacting factors on stability are the feedforward filter of the current control loop,
the line length and the power transfer levels.
2. In [9] a small signal stability analysis is applied to investigate how the power system
impedance and the parameters of the PLL influence the dynamic behavior and the sta-
bility limits of the VSC in HVDC applications.
3. In [11] the viability of vector control in an extremely weak grid (SCR=1) is studied, im-
portant instabilities are addressed in the outer control loop of the converter when dealing
with high-power demands.
4. In [12] the stability impact of the open loop AC voltage control of a weak grid connected
DFIG is studied through a small signal transfer function model. The high gains of the AC
voltage controller impose power transfer and stability limits. However, the authors did
not propose any solution to improve the stability limits of the AC voltage control.
5. In [13] a power compensation control it is proposed to achieve two objectives : First, to
restrain the response of the active power so there is more time left to the AC voltage con-
troller to generate corresponding reactive power. Second, to enhance the response of the
AC voltage loop to suppress the PCC voltage fluctuation. An active damping filter has
been proposed for the inner loop control to suppress the resonance created by the capac-
itor in the PCC.
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6. In [14] a small signal analysis of the DC voltage controller of a VSC converter is proposed
to determine the stability of the controller connected to a weak grid. The stability of the
DC voltage controller it is worsenwhen the strength of the system diminishes or when the
power level is increased when connected a weak grid. Moreover, important interactions
of the control loops are identified. PLL bandwidth has a direct effect on the DC voltage
controller. No solution provided to mitigate the effects of low SCR.
7. In [15] a frequency based synchronization control is proposed to provide damping for the
oscillations created by the PLL when connected to a weak AC grid.
8. In [16] two solutions are proposed for a VSC converter connected to a weak AC grid. The
first solution comprises a tuning of the PLL and AC voltage controller gains, and the sec-
ond solution, considers the creation of an artificial bus for the grid-connected converter
to reduce the effective grid impedance viewed by the VSC.
9. In [17] a power synchronization control (PSC) is proposed to overcome the drawbacks of
the vector-current control due to low SCRs. The power synchronization control is based
on the power synchronization principal of synchronous machines (SMs), therefore, the
VSC behaves as a SM providing strong voltage support. Moreover, it has no requirement
on the short circuit capacity of the AC system.
The literature reviewed also provides some proposals or solutions to address theweakAC grids
phenomenon, some papers only point out the problems generated in the VSC converter near a
weak grid andothers identify the problemandpropose a solution tomitigate the negative effects
of high impedance grids.
1. In [9] and [14] the effect of the PLL parameters on the VSC converter are identified and
studied, although, there is not any solution provided to mitigate the effect of the PLL.
Although, in [9] it is pointed out that at a Kp > 60 and at a SCR = 1.3 the VSC becomes
unstable. Therefore, small gain values would become the system stable but this would
provide a small damping and poor dynamic performance at higher SCRs.
2. In [11] and [13] a new outer control loop is proposed. In [11] an advanced vector control
is proposed to mitigate the effects of the weak grid on the outer control loop. The new
outer control loop has 35 robust local controllers, but, such controllers require a high tun-
ing complexity. In [13] the power compensation control seeks to compensate the active
and reactive power by means of enhanced controllers for the active power and AC volt-
age control loops of the traditional vector-current control method. The main goal of the
power compensation control is to reduce the response of the active power and increase
the response of AC voltage control loop for improving the generation of reactive power
restraining the fluctuations of the PCC voltage, therefore, improving stability of the sys-
tem.
3. In [16] the PLL is identified as themain source of instability, therefore, tuning the PLL and
the voltage regulator parameters together is proposed. By doing the tuning procedure to-
gether, it is achieved a very slow PLL and a very fast voltage regulator so their interactions
do not make the system unstable. However, there is not a detailed procedure on how to
tune the controllers in the paper and some drawbacks are encountered with the retuned
controllers.
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4. In [10] no solutions were provided to the listed instability factors of the VSC converter
connected to a high impedance grid. Although, it provides a thorough study of the elec-
trical resonances present in the impedance of the VSC converter due to the feedforward
filter, line inductance and level of power transfer.
5. More than an improvement, the PSC [17] is a new control method to deal with low SCR
grids. The PSC eliminates the necessity of the PLL, therefore, theVSC is able towork stable
underweak grids. Although, one of the best features of vector current control is the ability
to limit the currents under fault conditions and this feature is lost in the PSC making the
converter to switch to the traditional vector current control and to have a backup PLL to
deal with fault conditions.
As it can be seen, weak AC grids is an interesting and relevant topic that has been the focus of
many studies. In this thesis it will be studied and assessed its impact on the stability of a system.
1.3 Structure of the thesis
The thesis is organized into seven sections. In Section 1 the scope, background information
and structure of the thesis is detailed. In Section 2 the theoretical framework for the modelling
techniques for power networks is developed and explained. Section 3 goes in depth an intro-
duces the application of the modelling techniques, firstly by applying them to simple passive
elements of the network and then it builds up to the more complex power network topologies.
Section 4 provides the mathematical tools to compare the modelling techniques applied later
in the thesis to assess the results. There is also a graphic comparison of the five bus network
applying the mentioned mathematical tools. Section 5 list the characteristics and parameters
of the studied power system in this thesis. Section 6 introduces the control system of the VSC
converter. Also, it is detailed the linearmodel of the control system. Validation of the non-linear
and linear model is detailed and performed by dynamic simulations in time. Finally, Section 7
details the studied interactions and provides the results.
1.4 Computational tools
The use of programs for developing projects like this is indispensable and necessary, they pro-
vide useful tools that reduce the complexity of many procedures.
The development of many of the equation systems derived during the course of the project
were performed by using the Maple software [18]. Maple is a powerful mathematical software
for solving mathematical problems of any kind. It provides an interactive and user friendly
interface easy to use and also has a detailed user manual that helps to address any doubt or
problemwith the software itself. Maple softwarewas usedmostly in the development of Section
4, this section is rich in mathematical content.
The second software utilized extensively in this project is MATLAB-SIMULINK. Equations de-
rived inMaple were introduced inMATLAB for simulations purposes and extraction of results.
Non-linear and linear dynamic models were built in SIMULINK for Sections 6 and 7.
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2 Theoretical framework
In this section, it is introduced the theoretical framework for the modelling techniques applied
in this thesis. First, it is described and explained the admittance matrix. Second, the state-space
representation of a system is detailed. Moreover, a mathematical comparison is performed for
both modelling techniques to show its equivalence. Finally, the mathematical background for
the qd0-domain is addressed.
It is important to clarify that these topics are addressed in a general way. For more detailed
information the reader is referred to the references or external information. In this section no
examples are given.
2.1 Admittance matrix
A power system network can be modelled as an equivalent admittance analysis purposes. This
matrix form the basis of power flow and short circuit studies. In this section it is discussed the
construction of the admittance matrix, which is used extensively in this thesis.
2.1.1 Admittance matrix construction
Applying Kirchhoff’s voltage law to the circuit of Fig. 1a, which is formed by a voltage source
Es connected in series with an impedance Zs and has a voltage V at the terminals, then:
Es = ZsI + V (2.1)
Dividing (2.1) by Zs, it is obtained the current equation for Fig. 1b:
Is =
Es
Zs
= I + Y sV (2.2)
where Y s = 1/Zs. Therefore, the voltage source Es with its series impedance Zs can be ex-
changed by a current source Is with its parallel admittance Y s. The sources Es and Is are
connected externally to the nodes or buses of the transmission networks, which are basically
formed by passive branches (power lines). Therefore, power lines can be represented by its
branch impedance Zs or branch admittance Y s.
The equations for the current-voltage relationship of a power line are:
V a = ZsIa or Y sV a = Ia (2.3)
where V a is the voltage drop through the power line in the direction of the current Ia. The
typical power lines has two variables associated V a and Ia, independently on how is connected
the power line to the network.
In order to explain the method properly, consider Fig. 2, where a power line of admittance
Y s is connected between two nodes or buses 1 and 2. Assume that this power line is part of a
big network. The currents I1 and I2 are considered positives, because it is assumed they are
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(a) (b)
Figure 1: Equivalent circuits
injected into the network. The currents that leave the network at any bus are considered as neg-
atives. For example, when a load is connected to the network at any bus the current that feeds
the load is considered negative because leaves the network. Voltages V 1 and V 2 are the voltages
Figure 2: Power line
measured at bus 1 and bus 2 respect to ground or the reference node.
Applying Kirchhoff’s current law at every bus, the following relationships are obtained:[
I1
I2
]
=
[
1
−1
]
Ia (2.4)
Likewise, the voltage drop V a can be obtained:
V a = [1 − 1]
[
V 1
V 2
]
(2.5)
Substituting (2.5) in Y sV a = Ia, it is obtained:
Y s [1 − 1]
[
V 1
V 2
]
= Ia (2.6)
And if every side of (2.6) is multiplied by the column vector of (2.4), then:[
1
−1
]
Y s [1 − 1]
[
V 1
V2
]
=
[
I1
I2
]
(2.7)
19
Simplifying (2.7):  Y s −Y s
−Y s Y s
[ V 1
V 2
]
=
[
I1
I2
]
(2.8)
The coefficient matrix of (2.8) is the admittance matrix Ymat of the power line of Fig. 2. The off-
diagonal elements of the matrix are always negative and for this case are equal to the diagonal
elements. The derivation of the equations for the admittance matrix are taken from [3].
2.1.2 Connecting a voltage source
If a voltage source V g with an impedance Zg is connected to the bus 1, the admittance matrix
would need to be calculated all over again because the system is different now. One of the
advantages of the admittance matrix, is that it is really easy to be modified. In order to be
modified, the impedance Zg needs to be inverted to obtain the admittance Y g and the voltage
source becomes a current source Ig. Where Ig = Y gV g. Since the admittance Y g is connected
to bus 1, this will be summed with the first element of the admittance matrix of (2.8) and the
current I1 becomes Ig.
Figure 3: Power RL line plus voltage source
Making the proper substitutions in (2.8), it becomes: Y s + Y g −Y s
−Y s Y s
[ V 1
V 2
]
=
[
Ig
I2
]
(2.9)
2.1.3 Pi line model
If the power line of admittance Y s used previously is changed by a pi linemodel, the admittance
matrix of (2.8) needs to be redefined for the new changes. Fig. 4 depicts the pi line:
Note that Y s has been changed for Y L, this is just to differentiate the elements of the pi line.
Where Y L corresponds to the series inductor resistor admittance and Y C corresponds to the
shunt capacitor admittances.
Every element Ynn of the diagonal in the admittance matrix is the sum of all admittances con-
nected to the bus or node "n". The off-diagonal elements remain the same, they only consider
the admittance element that relates two buses connected by that power line series admittance.
20
Figure 4: Pi power line
Therefore, the current-voltage relationship for the admittancematrix of the pi lines is as follows: Y L + Y C −Y L
−Y L Y L + Y C
[ V 1
V 2
]
=
[
I1
I2
]
(2.10)
And if a voltage source V g with an impedance Zg is connected to bus 1, the current-voltage
relationship for the admittance matrix is: Y L + Y C + Y g −Y L
−Y L Y L + Y C
[ V 1
V 2
]
=
[
Ig
I2
]
(2.11)
As it has been shown, the construction of the admittance matrix is easy and straightforward
making it suitable for power network studies. Its simplicity allows to check for possible mis-
takes during the construction process. Also, there are algorithms to obtain the admittance ma-
trix using computational tools, these algorithms are not discussed in this thesis because they
are out of the scope.
For further discussions regarding the admittance matrix, it is going to be expressed in compact
form as follows:
YmatVmat = imat (2.12)
Where, Ymat is the admittance matrix, imat are the input currents of the network and Vmat the
voltages at every bus. The subscript "mat" stands for matrix. In this thesis, variables in bold
letters are used to represent matrices in compact form.
2.2 State-space representation
The state-space (SS) representation is amathematical tool that allows to analyze and understand
complex linear time-invariant systems. It is a tool used in many disciplines, being electrical
engineering one among them [19]. An electrical network can be modelled by a set of first-order
differential equations, which describe the dynamic behavior of the network.
In the state-space representation a collection of variables are specified to describe the internal
behavior of the system. These variables are known as the state variables of the system. By defi-
nition: a state variable is a physical property that characterizes the state of a system, regardless
of how the system got to that state [19].
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In an electric circuit, the state variables are the inductor current iL and capacitor voltage vL since
they collectively describe the energy state of the system.
vL = L
d
dt
iL and ic = C
d
dt
vc (2.13)
The state-space representation is formed by the following set of equations:
x˙(t) = Ax(t) +Bu(t) y(t) = Cx(t) +Du(t) (2.14)
Where x(t) is the state vector formed by state variables and the dot in x˙(t) represents the first
derivative with respect to time, u(t) are the excitation functions of the system or input vector.
Normally the desired outputs may or may not be the state variables, therefore, the desired out-
puts must be expressed in terms of x(t) and u(t) to form the output vector y(t) of the system.
In matrix form x(t), u(t) and y(t) are :
x(t) =

x1(t)
x2(t)
...
xn(t)
 u(t) =

u1(t)
u2(t)
...
um(t)
 y(t) =

y1(t)
y2(t)
...
yp(t)
 (2.15)
The coefficientsA and B are respectively n×n and n×mmatrices, the coefficients C andD are
respectively p× n and p×mmatrices.
This is a short and brief description of the state-space representation topic, however, the litera-
ture is vast and extensive. In this thesis, it is only introduced an overall explanation regarding
the subject.
In Section 3, there are many examples developed applying the SS representation to model dif-
ferent power networks, therefore, no examples are given in this section.
2.3 Admittance matrix in the s-domain
In electrical engineering the terms impedance or admittance are commonly used to describe
the algebraic current-voltage relationship in electrical elements, which is primarily based on
the Ohm’s law. The admittance matrix (AM) is developed in this thesis in terms of transfer
functions.
A transfer function is the ratio H(s) of the Laplace transform of the output function y(t), to
the Laplace transform of the input u(t), assuming that there is only one input [14]. A transfer
function H(s) is given by the following expression:
H(s) =
Y (s)
U(s)
=
output
input (2.16)
It can be seen that the transfer function H(s) is function of the complex frequency s, where
s = jω.
In Section 2.1, it was introduced the concept of admittance matrix. Notice that (2.12) resembles
the form of a transfer function, because it relates the input currents with the output voltages.
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Arranging (2.12) properly, then:
HAM(s) =
Vmat(s)
imat(s)
=
Vmat(s)
Ymat(s)Vmat(s)
=
1
Ymat(s)
= Zmat(s) (2.17)
Notice that it is not the admittance matrix itself the relevant one but the impedance matrix, as
it is shown in (2.17). However, the Ymat allows to obtain easily the Zmat just by performing
an algebraic operation [20]. Altogether, the interest relies on the HAM (s) term and not on the
possible output response due to certain input. Moreover, the HAM (s) term contains the entire
information of the network, which is essential for dynamic studies. More of this in Section 4.
Lastly, it is important to note that the inversion procedure can become a challenging task when
the order of the matrix increases considerably. By order of the matrix, it means to have a very
large power network. Because every element of thematrix is a transfer function of a high degree
polynomial in the numerator and denominator. Alternative procedures for inverting the matrix
should be used or the impedancematrix should be obtaineddirectly throughproper algorithms.
2.3.1 Relation between admittance matrix and state-space representation
The SS representation can be transformed into a transfer function if proper mathematical proce-
dures are applied [19]. The importance of relating both modelling techniques is to demonstrate
they are equivalent and this allows to compare and analyze the behaviour of a certain system, in
this case, a power network. The mathematical tools to compare both systems are not described
in this section, but they are in Section 4.
Applying the Laplace transform to (2.14) for the SS representation, then:
sX(s) = AX(s) +BU(s)
Y(s) = CX(s) +DU(s)
(2.18)
All initial conditions are considered to be zero.
Solving for X(s) and substituting it in Y (s) in (2.18):
X(s) = (sI−A)−1BU(s)
Y(s) = C(sI−A)−1BU(s) +D+U(s) (2.19)
If the expression obtained in (2.19) for Y (s) is arranged as a transfer function, then substituting
it in (2.16) and considering that the input of the system is U(s). The D coefficient is zero, then:
HSS(s) =
C(sI−A)−1BU(s)
U(s)
= C(sI−A)−1B (2.20)
To clarify, the D coefficient is zero because the chosen outputs are only dependent on the state
variables, this means that the outputs are indeed the state variables of the system. It has been
demonstrated in (2.20), that the state-space representation can be transformed into a transfer
function. This becomes really helpful when modelling the system with the admittance matrix
becomes challenging.
In Section 3, there are some examples developed applying the AM to model different power
networks, therefore, no examples are given in this section.
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2.4 dq0 domain
This section addresses the mathematical formulation behind the qd0 domain. On previous sec-
tions it was introduced the state-space representation and the admittance matrix as techniques
to model a power network. These modelling techniques are coupled with the qd0-domain, as it
is going to be shown in Section 3. Thismeans that the state-space representation and admittance
matrix are model in the time-qd domain and the complex frequency-qd domain, respectively.
The dq0 domain departs from the instantaneous power theory that introduces the Clarke trans-
formation matrix [21]. This transformation allows to transform sinusoidal three-phase signals
(120°phase-shift between phases) into two sinusoidal signals (90°phase-shift between phases).[
Xαβ0
]
=
[
Tαβ0
]
[Xabc] (2.21)
The third signal in the αβ0 domain is the zero sequence component. If the three-phase system
in the abc domain is without neutral, therefore, in the αβ0 domain the vector in (2.21) is only
defined by two signals.
Where Tαβ0 [21] is:
Tαβ0 =
2
3

1 −12 −12
0 −
√
3
2
√
3
2
1
2
1
2
1
2
 (2.22)
The αβ0 domain is useful for many applications, although, it still has the oscillatory character-
istics of the abc domain [22]. For control purposes, it is better to work with constant quantities,
this is where the Park transformation is introduced. This transformation allows to transform
two sinusoidal signals (90°phase-shift between phases) into two constant quantities. To do so,
a rotation is performed to (2.21), and is given by the following matrix:
R (θ) =

cos (θ) − sin (θ) 0
sin (θ) cos (θ) 0
0 0 1
 (2.23)
Applying the rotation matrix to (2.22), the Park transformation matrix is:
T (θ) =
[
R (θ)
] [
Tαβ0
]
=
2
3

cos (θ) cos
(
θ − 2pi3
)
cos
(
θ + 2pi3
)
sin (θ) sin
(
θ − 2pi3
)
sin
(
θ + 2pi3
)
1
2
1
2
1
2
 (2.24)
[
Xqd0
]
=
[
T (θ)
]
[Xabc] (2.25)
It is useful to get the inverse of the Park transformation matrix, then:
T (θ)−1 =

cos (θ) sin (θ) 1
cos
(
θ − 2pi3
)
sin
(
θ − 2pi3
)
1
cos
(
θ + 2pi3
)
sin
(
θ + 2pi3
)
1
 (2.26)
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3 Power network modelling
This section comprises the mathematical formulation in qd0-domain of the passive elements
that forms a power network. These passive elements are the resistor, inductor and capacitor.
Also, the modeling techniques introduced in Section 2 are applied and developed for a set of
network topologies. The development of the content described in this section goes from the
simplest elements to the most complex network topologies.
Once the passive elements and the different network topologies are described, the concept of
equivalent network is introduced and developed.
3.1 Inductive element
3.1.1 State-space model
In this section, the development of the current-voltage relationship for an inductive element in
time-qd domain is developed. Fig. 5 depicts a series inductor resistor with L and R constants,
respectively.
Figure 5: Series inductor resistor
The current-voltage relationship for an inductor is given by the following expression:
VLa
VLb
VLc
 =

L 0 0
0 L 0
0 0 L
 ddt

iLa
iLb
iLc
 (3.1)
Writing (3.1) in compact form :
VLabc = LI3
d
dt
iLabc (3.2)
Where the identity matrix is denoted as In and the subscript n denotes the size of the matrix.
Transforming (3.2) from the abc domain to qd0-domain, applying the transformation matrix
T (θ):
(3.3)T (θ)VLabc = T (θ)LI3
d
dt
iLabc
Where:
T (θ)VLabc = VLqd0 (3.4)
A special consideration needs to be done on the derivative of the current in (3.3). In order to
obtain the derivative of the current in qd0-domain the following mathematical procedure is
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performed. Knowing that:
iLabc = T (θ)
−1iLqd0 (3.5)
Substituting (3.4) and (3.5) in (3.3):
(3.6)VLqd0 = T (θ)LI3
d
dt
(
T (θ)−1iLqd0
)
Applying the product rule for derivatives to (3.6):
(3.7)VLqd0 = T (θ)LI3
(
iLqd0
d
dt
T (θ)−1 + T (θ)−1
d
dt
iLqd0
)
Expanding (3.7):
(3.8)VLqd0 = T (θ)LI3iLqd0
d
dt
T (θ)−1 + T (θ)LI3T (θ)−1
d
dt
iLqd0
From (3.8), the derivative of T (θ)−1 must be determined. Knowing that θ = ω t, the following
expression is obtained:
d
dt
T (θ)−1 =

−ω sin (θ) ω cos (θ) 0
−ω sin (θ − 2pi/3) ω cos (θ − 2pi/3) 0
−ω sin (θ + 2pi/3) ω cos (θ + 2pi/3) 0
 (3.9)
To simplify completely (3.8) furthermathematical proceduresmust be done to obtain such equa-
tion in qd0-domain. As it is shown in the following procedures:
[
T (θ)LI3iLqd0
d
dt
T (θ)−1
]∣∣∣∣∣
θ=2pift
=

0 ωL 0
−ωL 0 0
0 0 0
 iLqd0 (3.10)
[
T (θ)LI3T (θ)
−1 d
dt
iLqd0
]∣∣∣∣∣
θ=2pift
=

L 0 0
0 L 0
0 0 0
 ddt iLqd0 (3.11)
Equations (3.10) and (3.11) are reduced to simpler expressions by evaluating the sines and
cosines at the grid angle, at any time t and at the frequency f(Hz) of the grid. Substituting
(3.10) and (3.11) in (3.8), it is obtained:
(3.12)VLqd0 =

0 ωL 0
−ωL 0 0
0 0 0
 iLqd0 +

L 0 0
0 L 0
0 0 0
 ddt iLqd0
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Eliminating the homopolar terms of (3.12):
(3.13)VLqd =
[
0 ωL
−ωL 0
]
iLqd +
[
L 0
0 L
]
d
dt
iLqd
The effect of the transformation matrix has been demonstrated and developed for an inductor.
To reduce the mathematical procedures for grid modeling purposes, henceforth, the following
mathematical simplification is used for the inductor impedance ZSSL :
ZSSL =
[
L 0 0 ωL
0 L −ωL 0
]
(3.14)
It was shown in (3.7) that the transformation of the derivative term of the current gives two
different terms for the current. The first one is iqd and the second one is
d
dt
iqd, ordered in matrix
form:
ISSL =
[
d
dt
iLqd iLqd
]T
=
[
d
dt
iLq
d
dt
iLd iLq iLd
]T
(3.15)
Therefore, the current-voltage relationship for the inductor in the time-qd domain can be rep-
resented by the following expression:
VSSL = Z
SS
L I
SS
L (3.16)
3.1.2 Admittance matrix model
In the previous section the current-voltage relationship for an inductor in time-qd domain was
obtained. It is equally important to obtain the current-voltage relationship in frequency-qd
domain. The mathematical effect of the transformation matrix was previously demonstrated,
which makes the application of the Laplace transform straightforward.
Applying the Laplace transform to (3.12):
(3.17)L {VLqd} =
[
0 ωL
−ωL 0
]
L {iLqd}+
[
L 0
0 L
]
L
{
d
dt
iLqd
}
For simplicity, the transformed variables in frequency domain do not appear in the conventional
form asX(s) and they are just simply expressed asX.
All initial conditions are considered to be zero, simplifying and grouping like terms of (3.17):
(3.18)VLqd =
[
Ls ωL
−ωL Ls
]
iLqd
Now it can be defined the impedance of the current-voltage relationship for an inductor in
frequency-qd domain:
ZAML =
[
Ls ωL
−ωL Ls
]
(3.19)
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In general, the inductor is represented with a resistor in series, what is normally called a series
inductor resistor. If the resistance is taken into account (3.19) needs to be redefined as follows:
ZAML =
[
Ls+R ωL
−ωL Ls+R
]
(3.20)
3.2 Capacitive element
3.2.1 State-space model
For the capacitor a similar expression can be found when the transformation matrix is applied.
Fig. 6 depicts the capacitor C:
Figure 6: Capacitor
The current-voltage relationship for a capacitor is given by the following expression:
iCa
iCb
iCc
 =

C 0 0
0 C 0
0 0 C
 ddt

VCa
VCb
VCc
 (3.21)
Writing (3.21) in compact form :
iCabc = CI3
d
dt
VCabc (3.22)
Applying the transformation matrix T (θ) to (3.22):
T (θ) iCabc = T (θ)CI3
d
dt
VCabc
iCqd0 = T (θ)CI3
(
VCqd0
d
dt
T (θ)−1 + T (θ)−1
d
dt
VCqd0
) (3.23)
Simplifying and eliminating the homopolar terms of (3.23):
(3.24)iCqd =
[
0 ωC
−ωC 0
]
VCqd +
[
C 0
0 C
]
d
dt
VCqd
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The effect of the transformation matrix it has been demonstrated and developed for the capaci-
tor. To reduce the mathematical procedures for grid modeling purposes, henceforth, following
mathematical simplification is used for the capacitor impedance ZSSC :
ZSSC =
[
C 0 0 ωC
0 C −ωC 0
]−1
(3.25)
It was shown in (3.23) that the transformation of the derivative term of the voltage gives two
different terms for the voltage. The first one is Vqd and the second one is
d
dt
Vqd, ordered inmatrix
form:
VSSC =
[
d
dt
VCqd Vqd
]T
=
[
d
dt
VCq
d
dt
VCd VCq VCd
]T
(3.26)
Therefore, the current-voltage relationship for the capacitor in the time-qd domain can be rep-
resented by the following expression:
iSSC = Z
SS
C
−1VSSC (3.27)
3.2.2 Admittance matrix model
Applying the Laplace transform to (3.23) :
(3.28)L {iCqd} =
[
0 ωC
−ωC 0
]
L {VCqd}+
[
C 0
0 C
]
L
{
d
dt
VCqd
}
For simplicity, the transformed variables in frequency domain do not appear in the conventional
form asX(s) and they are just simply expressed asX.
All initial conditions are considered to be zero, simplifying and grouping like terms of (3.28):
(3.29)iCqd =
[
Cs ωC
−ωC Cs
]
VCqd
Now it can be defined the impedance of the current-voltage relationship for a capacitor in
frequency-qd domain:
ZAMC =
[
Cs ωC
−ωC Cs
]−1
(3.30)
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3.3 RL line model
The RL line model is comprised by a series resistorR and an inductor L connected between two
buses B1 and B2.
Figure 7: RL line
3.3.1 Admittance matrix model
The admittance matrix of the RL line is as follows:
YRL =
[
YL −YL
−YL YL
]
4x4
(3.31)
Where YL is:
YL =
 sL+RL2s2+L2ω2+2LRs+R2 − LωL2s2+L2ω2+2LRs+R2
Lω
L2s2+L2ω2+2LRs+R2
sL+R
L2s2+L2ω2+2LRs+R2
 (3.32)
Relating the YRL with node voltages V and currents I :
YRLV = I (3.33)
Where V and I are :
V =
 V1qd
V2qd
 I =
 i1qd
i2qd
 (3.34)
Substituting (3.31) and (3.34) in (3.33):[
YL −YL
−YL YL
][
V1qd
V2qd
]
=
[
i1qd
i2qd
]
(3.35)
Where V1qd, V2qd and i1qd, i2qd are:
V1qd =
[
V1q V1d
]T
V2qd =
[
V2q V2d
]T
i1qd =
[
i1q V1d
]T
i2qd =
[
i2q i2d
]T (3.36)
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3.3.2 State-space model
Applying Kirchhoff’s voltage law to the RL line:
V1qd = R iLqd + Z
SS
L I
SS
L +V2qd (3.37)
Where V1qd and V2qd are:
V1qd =
[
V1q V1d
]T
V2qd =
[
V2q V2d
]T (3.38)
And iLqd and ISSL are :
iLqd =
[
iLq iLd
]T
ISSL =
[
d
dt
iLq
d
dt
iLd iLq iLd
]T
(3.39)
Substituting (3.14), (3.38) and (3.39) in (3.37), then solving for the derivatives of the currents and
arranging them in matrix form it is obtained:
d
dt
[
iLq
iLd
]
=
[
−R/L −ω
ω −R/L
][
iLq
iLd
]
+[
1/L 0 −1/L 0
0 1/L 0 −1/L
][
V1q − V2q
V1d − V2d
] (3.40)
A state-space representation is described by the following set of equations:
x˙(t) = Ax(t) +Bu(t) y(t) = Cx(t) +Du(t) (3.41)
Based on (3.41), the coefficients of (3.40) are:
A =
[
−R/L −ω
ω −R/L
]
B =
[
1/L 0 −1/L 0
0 1/L 0 −1/L
]
C = [I2x2] D = [02x4]
(3.42)
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3.4 Pi line model
The AM and SS model of a distributed parameters Pi line in qd0-domain is described in this
section. The pi line is connected between two buses B1 and B2.
Figure 8: Pi line
3.4.1 Admittance matrix model
The admittance matrix for the Pi line model is as follows:
YΠ =
[
YL +YC −YL
−YL YL +YC
]
4x4
(3.43)
Where YC is:
YC = Z
AM
C
−1
=
[
Cs ωC
−ωC Cs
]
(3.44)
Relating the YΠ with node voltages V and currents I :
YΠV = I (3.45)
Substituting (3.34) and (3.43) in (3.46):[
YL +YC −YL
−YL YL +YC
][
V1qd
V2qd
]
=
[
i1qd
i2qd
]
(3.46)
3.4.2 State-space model
Applying Kirchhoff’s voltage and current law to the pi line:
V1qd = R iLqd + Z
SS
L I
SS
L +V2qd
i1qd = Z
SS
C
−1
VSSC1 + iLqd
i2qd = Z
SS
C
−1
VSSC2 − iLqd
(3.47)
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The inputs of the system are i1qd and i2qd. It is assumed that the current iqd flows from V1qd to
V2qd. Where V SSC1 and V SSC2 are :
VSSC1 =
[
d
dt
VC1q
d
dt
VC1d VC1q VC1d
]T
VSSC2 =
[
d
dt
VC2q
d
dt
VC2d VC2q VC2d
]T (3.48)
Substituting (3.14), (3.25), (3.39) and (3.48) in (3.47), solving for the derivatives and arranging
the equations in state-space representation:
A =

−R/L −ω 1/L 0 −1/L 0
ω −R/L 0 1/L 0 −1/L
−1/C 0 0 −ω 0 0
0 −1/C ω 0 0 0
1/C 0 0 0 0 −ω
0 1/C 0 0 ω 0

B =

0 0 0 0
0 0 0 0
1/C 0 0 0
0 1/C 0 0
0 0 1/C 0
0 0 0 1/C

C = [I6x6] D = [06x4]
(3.49)
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3.5 Parallel pi lines model
The AM and SS model for two parallel pi lines in qd0-domain is described in this section. The
two pi lines are connected between two buses B1 and B2.The procedure here described is sim-
ilar to the previous ones, although, the main difference are the entering currents at every node
that splits. It is of high importance to determine properly these currents for an accurate model
of the system.
Fig. 9 depicts the parallel pi lines.
Figure 9: Parallel pi lines
3.5.1 Admittance matrix model
The admittance matrix for the two pi lines in parallel are as follow:
Ymat =
[
YL1 +YL2 +YC1 +YC2 −(YL1 +YL2)
−(YL1 +YL2) YL1 +YL2 +YC1 +YC2
]
4x4
(3.50)
WhereYL1 andYL2 are the series inductor resistor admittances andYC1 andYC2 are the capacitor
admittances of the lines. No further development of the equations is necessary because they
have been developed on previous sections.
3.5.2 State-space model
Applying Kirchhoff’s voltage law to the parallel pi lines:
V1qd = R1 iL1qd + Z
SS
L1I
SS
L1 +V2qd
V1qd = R2 iL2qd + Z
SS
L2I
SS
L2 +V2qd
(3.51)
The currents i1qd and i2qd split when they enter the nodes at which the lines are connected.
These split currents become unknowns to the system because there is not possible way to de-
termine their values beforehand, therefore, a simplification is performed to disregard such split
currents. The following procedure leaves a clearer evidence of the previously stated.
Considering that i1qd and i2qd are split in two different currents, then:
i1qd = i1x_qd + i1y_qd i2qd = i2x_qd + i2y_qd (3.52)
As it can be seen in Fig. (11) below the pi line 1 has been split by half to understand better
the current flow, particularly, the current flowing through the inductor. As it is known, current
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Figure 10: Split currents
flows from the higher to the lower potential, therefore, iL1 enters the node of the second half and
leaves the node of the first half of the pi line 1. This reasoning is applied for the more complex
networks developed in this thesis.
Figure 11: Node currents
Applying Kirchhoff’s current law at every node, the following equations are obtained:
i1x_qd = Z
SS
C1
−1
VSSC1 + iL1qd
i2x_qd = Z
SS
C1
−1
VSSC2 − iL1qd
i1y_qd = Z
SS
C2
−1
VSSC1 + iL2qd
i2y_qd = Z
SS
C2
−1
VSSC2 − iL2qd
(3.53)
Substituting (3.53) in (3.52) and arranging the equations:
i1qd =
(
ZSSC1
−1
+ ZSSC2
−1)
VSSC1 + iL1qd + iL2qd
i2qd =
(
ZSSC1
−1
+ ZSSC2
−1)
VSSC2 − iL1qd − iL2qd
(3.54)
Once that the Inx and Iny terms are substituted, it can be seen that the Kirchhoff´s current
law for every node is given by the currents entering and leaving the node plus the sum of the
impedances of the capacitors times the voltage of the respective node.
Where V1qd and V2qd are the node voltages, therefore :
VC1qd = V1qd VC2qd = V2qd (3.55)
The state-space representation in matrix form is not depicted, because it has been developed on
previous sections. Therefore, it is only expressed through equations.
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This section of parallel pi lines develops themethod utilized for the determination of the current
flows in SS modeling when lines are connected in parallel or at least one end of many lines
are connected to the same node. Consider that these procedures are no required for the AM
modeling, clearly this an advantage of the AMmodeling over the SS modeling. In fact, the AM
modeling it is a fast and well known procedure for obtaining the admittance of any network.
Finally, networks with more complex topologies are modeled in the following sections, the pro-
cedures here developed hold for those topologies too. Moreover,the topology complexity it is
increased gradually to fully understand the modelling technique.
3.6 Three bus network
A three bus network model is developed in qd0-domain. The network is comprised by three
pi power lines, every power line connects two buses and every line shares two buses with the
other line, creating a triangular shape. It is a small system that shows the modelling procedures
that are going to be applied for the next networks.
Fig. 13 depicts the three bus network.
Figure 12: Three bus network
3.6.1 Admittance matrix model
Obtaining the admittance matrix Y3B :
Y3B =

Y11 −YL12 −YL13
−YL12 Y22 −YL23
−YL13 −YL23 Y33

6x6
(3.56)
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Where Y11, Y22 and Y33 are:
Y11 = YL12 + YL13 + YC12 + YC13
Y22 = YL12 + YL23 + YC12 + YC23
Y33 = YL13 + YL23 + YC13 + YC23
(3.57)
Arranging (3.56) in the current-voltage relationship form:
[Y3B]

V1qd
V2qd
V3qd
 =

i1qd
i2qd
i3qd
 (3.58)
3.6.2 State-space model
Applying Kirchhoff’s voltage law:
V1qd = R12 iL12qd + Z
SS
L12I
SS
L12 +V2qd
V1qd = R13 iL13qd + Z
SS
L13I
SS
L13 +V3qd
V2qd = R23 iL23qd + Z
SS
L23I
SS
L23 +V3qd
(3.59)
Applying Kirchhoff’s current law:
i1qd = iL12qd + iL13qd +
(
ZSSC12
−1
+ ZSSC13
−1)
VSSC1
i2qd = −iL12qd + iL23qd +
(
ZSSC12
−1
+ ZSSC23
−1)
VSSC2
i3qd = −iL13qd − iL23qd +
(
ZSSC13
−1
+ ZSSC23
−1)
VSSC3
(3.60)
An arbitrary path must be chosen in order to obtain the proper current flow in the network for
the SS model. It is assumed that the current flow path follows the following scheme based on
the voltage level at the buses, where VB1 > VB2 > VB3. Therefore, the chosen current flow iflow
goes from the first bus B1, passes by the second bus B2 and it ends at the third bus B3, in nu-
merical order. Also, the current flow goes from the first busB1 to the third busB3 directly. This
is obvious because the current i1 when it enters at the busB1 splits in two. Fig. (13) depicts this
arbitrary current flow path.
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Figure 13: Current flow path for the three bus network
It is worth mentioning that the chosen path can be easily inferred from (3.59), although, it is
important to leave proof of the proposed methodology.
Additionally, the current flow procedure described is easy to demonstrate applying the Kirch-
hoff’s current law. By definition: it states that the algebraic sum of currents entering a node (or
a closed boundary) is zero [19]. Mathematically, KCL implies that
N∑
n=1
in = 0
whereN is the number of branches connected to the node and in is the nth current entering (or
leaving) the node.
Considering that the sum of the three currents that enter into the network must be zero and
(3.60) is considered. Which is formed by a set of three equations and are summed up without
taken into account the currents flowing through the capacitors. The following result is obtained:
i1qd + i2qd + i3qd = iL12qd + iL13qd − iL12qd + iL23qd − iL13qd − iL23qd
i1qd + i2qd + i3qd = 0
As it can be seen from the equations above, every term on the right side of the first equation
cancels out and the sum of the currents is zero. This is enough proof that the procedure here
discussed is correct and complies with KCL. For clarification, the currents flowing through the
capacitors are not considered because they go to ground and do not affect the current flow into
the network.
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3.7 Four bus network
A four bus network model is developed in qd0-domain. The network is comprised by five pi
power lines, every power line connects two buses and every line shares two buses. Fig. 14 de-
picts the four bus network.
Figure 14: Four bus network
3.7.1 Admittance matrix model
Obtaining the admittance matrix Y4B :
Y4B =

Y11 −YL12 −YL13 [02×2]
−YL12 Y22 −YL23 −YL24
−YL13 −YL23 Y33 −YL34
[02×2] −YL24 −YL34 Y44

8×8
(3.61)
Where Y11, Y22, Y33 and Y44 are:
Y11 = YL12 + YL13 + YC12 + YC13
Y22 = YL12 + YL23 + YL24 + YC12 + YC23 + YC24
Y33 = YL13 + YL23 + YL34 + YC13 + YC23 + YC34
Y44 = YL24 + YL34 + YC24 + YC34
(3.62)
Arranging (3.61) in the current-voltage relationship form:
[Y4B]

V1qd
V2qd
V3qd
V4qd
 =

i1qd
i2qd
i3qd
i4qd
 (3.63)
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3.7.2 State-space model
Applying Kirchhoff’s voltage law:
V1qd = R12 iL12qd + Z
SS
L12I
SS
L12 +V2qd
V1qd = R13 iL13qd + Z
SS
L13I
SS
L13 +V3qd
V2qd = R23 iL23qd + Z
SS
L23I
SS
L23 +V3qd
V2qd = R24 iL24qd + Z
SS
L24I
SS
L24 +V4qd
V3qd = R34 iL34qd + Z
SS
L34I
SS
L34 +V4qd
(3.64)
Applying Kirchhoff’s current law:
i1qd = iL12qd + iL13qd (t) +
(
ZSSC12
−1
+ ZSSC13
−1)
VSSC1
i2qd = −iL12qd + iL23qd + iL24qd
+
(
ZSSC12
−1
+ ZSSC23
−1
+ ZSSC24
−1)
VSSC2
i3qd = −iL13qd − iL23qd + iL34qd
+
(
ZSSC13
−1
+ ZSSC23
−1
+ ZSSC34
−1)
VSSC3
i4qd = −iL24qd − iL34qd +
(
ZSSC24
−1
+ ZSSC34
−1)
VSSC4
(3.65)
The procedure of the SS modeling for the four bus network is similar to the one used in the
three bus network. The complexity of the network increases a few by adding two more lines
and one extra bus. Special care needs to be put on the chosen current flow path because if it is
done incorrectly, it would provide a bad model of the system.
Again, it is assumed that the current flow path follows the following scheme based on the volt-
age level at the buses, where VB1 > VB2 > VB3 > VB4. Fig. 15 clarifies better the chosen current
flow path iflow_1 and iflow_2 for the network.
Figure 15: Current flow path for the four bus network
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3.8 Five bus network
Previously it was described the methodology used to model power networks in qd0-domain.
The network of interest for this thesis is a five bus network comprised by seven pi power lines
of different lengths. The proposed network in this thesis is taken from the Cigre 14-bus model
benchmark [1]. The 14-bus network is comprised by two networks operating at different voltage
levels. For the sake of simplicity, the network has been reduced and only the topology of the
220 kV network is considered in this thesis. The 110 kV network is represented by means of a
Thevenin equivalent connected to the bus number 4 of the 220 kV network. Fig. 16 shows the
220 kV five bus network without the Thevenin equivalent, this will be added later.
Figure 16: Five bus network
3.8.1 Admittance matrix model
Obtaining the admittance matrix Y5B of the network:
Y5B =

Y11 −YL12 [02×2] [02×2] −YL15
−YL12 Y22 −YL23 −YL24 −YL52
[02×2] −YL23 Y33 −YL43 [02×2]
[02×2] −YL24 −YL43 Y44 −YL54
−YL15 −YL52 [02×2] −YL54 Y55

10×10
(3.66)
Where Y11, Y22, Y33, Y44 and Y55 are:
Y11 = YL12 + YL15 + YC12 + YC15
Y22 = YL12 + YL23 + YL24 + YL52 + YC12 + YC23 + YC24 + YC52
Y33 = YL23 + YL43 + YC23 + YC43
Y44 = YL24 + YL43 + YL54 + YC24 + YC43 + YC54
Y55 = YL15 + YL52 + YL54 + YC15 + YC52 + YC54
(3.67)
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Arranging (3.66) in the current-voltage relationship form:
[Y5B]

V1qd
V2qd
V3qd
V4qd
V5qd

=

i1qd
i2qd
i3qd
i4qd
i5qd

(3.68)
3.8.2 State-space model
Applying Kirchhoff’s voltage law:
V1qd = R12 iL12qd + Z
SS
L12I
SS
L12 +V2qd
V1qd = R15 iL15qd + Z
SS
L15I
SS
L15 +V5qd
V5qd = R52 iL52qd + Z
SS
L52I
SS
L52 +V2qd
V2qd = R24 iL24qd + Z
SS
L24I
SS
L24 +V4qd
V2qd = R23 iL23qd + Z
SS
L23I
SS
L23 +V3qd
V5qd = R54 iL54qd + Z
SS
L54I
SS
L54 +V4qd
V4qd = R43 iL43qd + Z
SS
L43I
SS
L43 +V3qd
(3.69)
Applying Kirchhoff’s current law:
i1qd = iL12qd + iL15qd +
(
ZSSC12
−1
+ ZSSC15
−1)
VSSC1
i2qd = −iL12qd − iL52qd + iL23qd + iL24qd
+
(
ZSSC12
−1
+ ZSSC23
−1
+ ZSSC24
−1
+ ZSSC52
−1)
VSSC2
i3qd = −iL23qd − iL43qd +
(
ZSSC23
−1
+ ZSSC43
−1)
VSSC3
i4qd = −iL54qd − iL24qd + iL43qd
+
(
ZSSC54
−1
+ ZSSC24
−1
+ ZSSC43
−1)
VSSC4
i5qd = −iL15qd + iL52qd + iL54qd
+
(
ZSSC15
−1
+ ZSSC52
−1
+ ZSSC54
−1)
VSSC5
(3.70)
The procedure for obtaining both models is equal to the ones already discussed. Although,
there is a slight change in the selection of the current flow, it is important to remind that this is
an arbitrary selection. For this network the chosen path of the current flow differs from what
has been chosen previously. Given that in the three and four bus networks the highest voltage
level corresponded to the first bus and the lowest voltage level corresponded to the last bus.
Due to this reason, the current flow followed a numerical order.
In this case, it is assumed that the current flow path follows the following scheme based on
the voltage level at the buses, where VB1 > VB5 > VB2 > VB4 > VB3. As a reminder, the current
flow path can also be inferred from (3.69).
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3.9 Equivalent network
The model of the AM and SS representation of the equivalent network is developed in this
section. The equivalent network is depicted in Fig. 17 by a voltage source in series with a series
resistor inductor.
Figure 17: Equivalent network
3.9.1 Admittance matrix model
TheAMmodel for the equivalent network is easy and simple tomodel, it is given by the current-
voltage relationship. [
Yg
] [
Vg_qd
]
=
[
ig_qd
]
(3.71)
Where Yg is:
Yg = Z
AM
g
−1
=
[
Lgs ωLg
−ωLg Lgs
]−1
(3.72)
3.9.2 State-space model
The SS model of the equivalent network is similar to the SS model of the RL line.
Vg_qd = Rg iLg_qd + Z
SS
LgI
SS
Lg +Vn_qd (3.73)
The modelling description finishes with the model of the equivalent network. As can be seen
from what has been developed through all this section, the modelling procedures require the
utilization of some mathematical tools. It is important to realize that these procedures are nor-
mally performed by means of software programs which simplify all the calculation times and
difficulties.
For example, the algorithm for the calculation of the admittance matrix it is well known and it
is easily programmable. Whereas, the state-space representation takes more time if it is hand
calculated and requires more complex algorithms if it is calculated by means of software pro-
grams. Of course, both methods are equivalent.
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4 Comparison of the state-space and the admittance matrix
The comparison of the modelling techniques detailed in the previous section is highly impor-
tant, because it demonstrates that both approaches are equivalent. The mathematical tools uti-
lized to compare the models are the eigenvalues and singular values.
4.1 Eigenvalues
The eigenvalues give important information of the characteristic response of a system in time.
Moreover, it allows to determine the stability of the system itself. For power network appli-
cations, the eigenvalues are obtained from the Ymat and from the A coefficient matrix of the
state-space model.
In section 2.3 was introduced the term transfer function, which is a rational function in the
complex frequency s. A transfer function H(s) is given by the following expression [2]:
H(s) =
N(s)
D(s)
=
bms
m + bm−1sm−1 + . . .+ b1s+ b0
ansn + an−1sn−1 + . . .+ a1s+ a0
(4.1)
whereN(s) andD(s) are polynomials with real coefficients. If such polynomials are factorized,
then:
H(s) =
N(s)
D(s)
= K
(s− z1)(s− z2) . . . (s− zm−1)(s− zm)
(s− p1)(s− p2) . . . (s− pm−1)(s− pm) (4.2)
where K = bm/an [2], the zi terms are called zeros and are the roots of the polynomial N(s),
when N(s) = 0. The pi terms are called poles and are the roots of the polynomial D(s), when
D(s) = 0. The poles and zeros must be either purely real, or appear in complex conjugate pairs.
To obtain the eigenvalues of the state-space model two expressions can be used, but, both are
equivalent. The first expression is described by the equation (2.20), where the eigenvalues are
found in the poles of the denominator of the transfer functionHSS(s) of the state-space model.
HSS(s) = C(sI−A)−1B
And the second one, it is to obtain the characteristic polynomial PA(λ) of the A coefficient ma-
trix of the state-space system, which roots are the eigenvalues λ of the system. The characteristic
polynomial is found in the determinant of theA coefficient matrix and it is given by the follow-
ing expression [23]:
PA(λ) = det [λI−A] = 0 (4.3)
Finally, it is important to remember that in order to compare both systems, it is not the ad-
mittance matrix Ymat but the impedance matrix Zmat the one to be used. Therefore, the zeros
instead of the poles are the ones to be considered.
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4.2 Singular values
The singular values are obtained from the singular value decomposition (SVD), which is a spe-
cial factorization for am× nmatrix A. This algorithm allows to factorize non-square matrices.
However, the main goal is not to obtain the decomposition but the singular values.
Consider the n× nmatrix ATA, which is symmetric, therefore, its eigenvalues are real.
Lemma. If λ is an eigenvalue of ATA, then λ ≥ 0 [20].
Let λ1, . . . , λn denote the eigenvalues of ATA, with repetitions. Order these so that λ1 ≥ λ2 ≥
· · · ≥ λn ≥ 0. Let σi =
√
λi, so that σ1 ≥ σ2 ≥ · · · ≥ σn ≥ 0. The numbers σ1 ≥ σ2 ≥ · · · ≥ σn
defined above are called the singular values of A.
The main reason to obtain the singular values, it is because reduces and simplifies the data pro-
vided. For the thesis purposes, it is important to notice that the singular values σi are function of
the complex frequency s, where s = jω. This allows to make a frequency sweep of the singular
values to spot possible peaks of resonance along a given frequency range. In some manner, this
methodology to identify peaks of resonance resembles that of a bode plot. Although, singular
values provides a better data management.
The comparisons are performed bymeans ofMATLABR2019a. TheMATLAB functions utilized
for obtaining the plots for the eigenvalues and singular values are the following:
• The eig(A) function, which returns a column vector containing the eigenvalues of square
matrix A [24].
• The sigma(SYS,{WMIN,WMAX}), which produces a singular value plot of the frequency
response of the dynamic system SYS, for the range of specified frequencies [25].
It is important to note that a matrix is a change in magnitude and direction of the input vec-
tor. Both the eigenvalues and singular values show the change in magnitude, which allows to
identified the resonances of a linear system [26].
4.3 Graphic comparison of the state-space and admittance matrix models
To apply and demonstrate graphically that both models are equivalent, two figures are shown.
Fig. 18 shows the singular values of both models for the five bus network and Fig. 19 shows the
eigenvalues of both models for the five bus network. As it can be seen, both models match each
other demonstrating graphically their equivalence and it can be expected the same dynamic
response in time.
Consider that the Zmat = 1/Ymat of the five bus network derived by means of the admittance
matrix is being compared with theAmatrix of the state-space model of the five bus network.
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Figure 18: Singular values of the five bus network
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Figure 19: Eigenvalues of the five bus network
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5 Power system parameters
In section 3 was introduced and developed themodelling techniques for obtaining themodel of
a power network in qd0-domain using the State-space representation and the admittancematrix.
In Section 3.8 was introduced the five bus network topology, which is the one that comprises
the power system of interest in this thesis.
In this section it is described completely the technical characteristics of the power system to
be studied, which is comprised by the overhead lines (OHL) of the five bus network, the grid-
connected voltage source converter and the Thevenin equivalent of the network. No load is
considered, because the main objective is to study the interactions of the power network with
the VSC converter.
Future simulations are performed using the parameters here detailed. Fig. 20 depicts the com-
plete power system.
Figure 20: Five bus network with VSC converter and Thevenin equivalent
Although it is not depicted in Fig. 20, there is a power transformer between the grid and the
VSC converter. The values for the converter filter resistance Rf and converter filter inductance
Lf already include the corresponding impedance of the power transformer.
The procedures and equations applied for calculating the parameters in Tables 2, 3 and 4 can
be found in the Appendices 7.5, 7.6 and 7.7, respectively. Parameters of Table 1 and the DC
resistance, GMR and outer radius of Table 2 were taken from [1].
The OHL parameters are given in Table 1. Due to the length of the OHL, distributed parameters
are considered for the power lines. In Table 2, it can be found the general OHL distributed
parameters.
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Table 1: 220 kV OHL parameters [1]
Parameter Data
Conductors per phase 1
Shield Wires No
Phase A coordinates (m) (-8.05, 16.4)
Phase B coordinates (m) (0, 16.4)
Phase C coordinates (m) (8.05, 16.4)
Phase Transposition (m) Yes (perfect symmetry)
Soil Resistivity (Ωm) 400
Conductor 600 ACSR Curlew
Table 2: General OHL distributed parameters
Parameter Symbol Value Units
DC resistance R 0.05527 Ω/km
Geometric mean radius GMR 12.75733 mm
Outer radius rcond 15.8115 mm
Geometric mean distance GMD 10.1424 m
Inductance L 1.3357 mH/km
Capacitance C 8.5950 nF/km
Inductive reactance XL 0.4196 Ω/km
Capacitive reactance XC 2.7002× 10−6 S/km
Impedance Z 0.0552+j0.4196 Ω/km
Admittance Y j2.7002× 10−6 S/km
Propagation constant γ 0.00007+j0.00107
In Table 3, it can be found the distributed parameters for everyOHL . Such parameters are in per
unit (pu), the chosen bases for obtaining the pu values are Sbase = 100 MVA and Vbase = 220 kV.
Note that at the bottom of the table, Zbase and Ybase are given. Consider that in this thesis the
units of many variables or physical quantities are expressed in per unit and the bases here de-
fined applied for all of them, unless otherwise specified.
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Table 3: OHL distributed parameters
Lines Length (km) Z (pu) Y/2 (pu) R (pu) L (pu) C/2 (pu)
1-2 120 0.01363+j0.10375 j0.07852 0.01363 0.00033 0.00025
1-5 250 0.02788+j0.21423 j0.16433 0.02788 0.00068 0.00052
5-2 175 0.01975+j0.15085 j0.11468 0.01975 0.00048 0.00037
2-4 180 0.02030+j0.15511 j0.11798 0.02030 0.00049 0.00038
2-3 200 0.02249+j0.17211 j0.13118 0.02249 0.00055 0.00042
4-3 250 0.02788+j0.21423 j0.16433 0.02788 0.00068 0.00052
5-4 100 0.01138+j0.08653 j0.06541 0.01138 0.00028 0.00021
Zbase= 484 Ω and Ybase=0.00207 S
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6 Grid-connected voltage source converter
The configuration of the grid-connected voltage source converter detailed in this section is a
two-level converter. For simplicity purposes the following control scheme has been chosen.
The control system of the converter is depicted in Fig. 21. Which is comprised by the phase-
locked loop (PLL), inner and outer controller. Notice that the outer control loop has been sim-
plified, the active and reactive power references have been substituted by constant values for
the reference currents. This is mainly done to reduce the complexity of the control system.
Figure 21: Grid-connected converter control system
6.1 Current control loop
The current control loop is the essential controller of the VSC converter, it regulates the current
flowing trough the converter towards the grid by generating the proper voltage reference. The
current control used in this thesis is based on the decoupled control, this allows the independent
control of the active and reactive power. The decoupling is obtainedwhen the PLL is adequately
oriented, therefore, the voltage d component is zero.
In order to obtain the constants of the proportional integral (PI) controllerKil(s) in the current
loop, the following expression can be derived. Applying Kirchhoff’s voltage law between the
converter and the bus 2 of Fig. 21 in the s-domain, then:
Vqdf = V
qd
2 − (Rf + sLf ) iqdf + ωLf idqf (6.1)
Obtaining the relationship of inputs and outputs of the block diagram of Fig. 22, the following
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expression is derived:
Vqdf = V
qd
2 −Kil (iqdref − iqdf ) + ωLf idqf (6.2)
By comparing (6.1) with (6.2), the PI Kil(s) constants can be obtained, where Kil(s) = Kp_il +
Ki_il/s and the gains areKp_il =
Lf
τil
andKi_il =
Rf
τil
[27]. The τil is the current control loop time
constant. The gains values can be found in Table 4.
Figure 22: Block diagram of the current loop
6.2 Phase-locked loop
The phase-locked loop (PLL) is a tracking system that determines the phase angle and the angu-
lar velocity of the electrical network [28]. A three-phase PLL consists in a closed loop controller
which tracks the angular velocity of the network by setting the voltage d component to zero.
The outputs of the controller are the estimated angular velocity ωˆ of the electrical grid and the
integration of this signal provides the estimated grid angle θˆ.
Figure 23: Block diagram of the PLL
where the controller Kpll = Kp_pll + Ki_pll/s. The proportional and integral gains have been
tuned according to [28]. The gains values for the PLL can be found in Table 4.
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6.3 Linear model of the system
The control loops of the VSC converter and the transformation effect introduced by the transfor-
mation matrix T (θ) are shown in the block diagram of Fig. 24. The linear model is comprised
by the VSC converter, the five bus network and the equivalent network. The model becomes a
small signal model because the model of the VSC converter is linearized.
Figure 24: Block diagram of the linear model
The blocks Tqd and T−1qd are respectively the linearized transformation matrix T (∆θ) and the
linearized inverse transformationmatrix T (∆θ)−1. These blocks model the rotation effect of the
transformation matrix. The matrix Tqd is given by the following expression [11]:
Tqd =
[
cos (∆θ0) − sin (∆θ0) − sin (∆θ0) ∆xgq0 − cos (∆θ0) ∆xgd0
sin (∆θ0) cos (∆θ0) cos (∆θ0) ∆x
g
q0 − sin (∆θ0) ∆xgd0
]
(6.3)
Notice that the variables in the block diagram have superscripts, where the superscript "c"
stands for converter and the superscript "g" stands for grid. This two distinctions are impor-
tant, because the variables work at different references. And choosing the proper variables at
the proper reference is key to obtain the correct transformed variables. In Fig. 25 is shown the
effect of the reference in the rotation of the variables, moving from the grid reference to the
converter reference and conversely.
Where ∆θ1 and ∆θ2 are:
∆θ1 = θˆ − θg (6.4)
∆θ2 = θg − θˆ (6.5)
As it can be seen in Fig.25, there are two paths for going from the converter reference to the grid
reference and both are equivalent. The inverse rotation R−1(∆θ1) allows to work with only one
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Figure 25: Reference frames
angle in the system. This is the main reason why T−1qd is applied in the block diagram of Fig. 24,
where T−1qd is given by [11]:
T−1qd =
[
cos (∆θ0) sin (∆θ0) − sin (∆θ0) ∆xcq0 + cos (∆θ0) ∆xcd0
− sin (∆θ0) cos (∆θ0) − cos (∆θ0) ∆xcq0 − sin (∆θ0) ∆xcd0
]
(6.6)
In Fig. 24 the block named "AC grid" is the SSmodel of the five bus network plus the equivalent
network and the filter impedance of the VSC converter. Recall that the sense for the currents
entering every node or bus is considered as positive when the SS model of the five bus network
was derived in (3.69) and (3.70). Now that the VSC converter is connected to the bus 2 of the
network the sense of the current i2qd at bus 2 is the opposite, it is not longer entering the system
but leaving it towards the converter. This change in signs needs to be considered for the proper
modelling of the system.
The filter impedance Zf of the grid-connected VSC converter needs to be modelled. The SS
model of the filter impedance is similar to the one of the equivalent network given in (3.73),
considering that the current i2qd flows from bus 2 to the terminals of the grid-connected VSC
converter. Finally, the SS model of the control loops is derived to complete the linear model of
the system and can be found in Appendix 7.8.
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6.4 Validation of the VSC converter linear model
For the validation of the VSC converter linear model in time-domain, a non-linear model is
created similar to the one shown in Figure 21. In order to validate properly the VSC converter
linear model, the VSC converter is firstly connected only with an equivalent network and later
it is connected to the five bus network. Table 4 details the parameters regarding the equivalent
network and the VSC converter. Note that the unit of the variables is in pu. The base values are
given in Section 5.
Table 4: Equivalent network and VSC converter parameters
Parameter Symbol Value Units
Equivalent network power Sg 250 MVA
Equivalent network voltage Vg 220 kV
Short circuit current SCC 10
Grid X/R ratio 10
Resistance Rg 0.0080 pu
Inductance Lg 2.5338× 10−4 pu
Converter filter resistance Rf 0.0022 pu
Converter filter inductance Lf 0.685× 10−3 pu
Current control loop time constant τil 10 ms
Current control loop proportional gain Kp_il 0.0685
Current control loop integral gain Ki_il 0.22
PLL time constant τPLL 12.50 ms
PLL proportional gain Kp_PLL 160
PLL integral gain Ki_PLL 12800
6.4.1 VSC converter connected to an equivalent network
In Fig. 26, it is shown the VSC converter connected to the equivalent network with a resistance
Rg and and inductance Lg. The current in the system flows from the voltage source Vgabc to the
VSC converter.
Figure 26: VSC converter connected to an equivalent network
To validate the non-linear model with the linear model, a small step is introduced in the current
reference iref_qd at the time instant t = 2 s. The following figures show the effect of the step on
the variables of the converter. Fig. 27 shows the step in the voltage reference V cref_q of the
converter and Fig. 28 shows ∆θ = θˆ − θg, where θg is the grid angle.
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As expected, both models match properly. This indicates that the linear model is proper lin-
earized and validated. The validation procedure is easier with a small system than a large one.
As it is will be shown in Section 6.4.2, the five bus network introduces some slight variations in
the response of the signals when a step occurs in the system and this may lead to believe that
the validation is not correct.
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Figure 27: Small perturbation in the voltage reference V cref_q of the converter
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Figure 28: Difference between the estimated angle θˆ and the grid angle θg
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6.4.2 VSC converter connected to the five bus network
The VSC converter is now connectedwith the five bus network and the equivalent network. The
step in the current reference is applied again and the same variables are plotted as before.
In the figure below, it can be seen that the large power network introduces significant oscillations
whenever a change in the network occurs. Consider that the network has a considerable amount
of capacitive and inductive load due to the power lines. However the linear model follows
exactly the non-linear model in the first milliseconds after the step is introduced and then it
wanders slightly, but the steady state response match properly.
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Figure 29: Small perturbation in the voltage reference V cref_q of the converter
In Appendix 7.9 can be found more figures about the validation of the VSC converter.
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7 Main findings
7.1 Short circuit ratio variation
The short circuit ratio of the equivalent network has been varied in order to study the stability
of the system and see its behaviour under these conditions. Consider that the power lines that
comprised the five bus network are considerably long and reducing the SCR of the equivalent
network to smaller values wouldmake the networkweaker and the control of the VSC converter
less accurate and prone to unstable conditions [8].
For simulation purposes, it is considered that the VSC converter is injecting Pc = 0.80 pu and
Qc = 0.40 pu and when the step is applied the power is stepped up to a Pc = 0.88 pu and Qc =
0.48 pu. Bear in mind that in this thesis, the outer control loop of the system is comprised by the
current references iref_qd, therefore, it is assumed that the the current reference "q" component
is equal to the active power Pc injection. And the current reference d component is equal to the
reactive power Qc injection. This is a very strong assumption, because it neglects the dynamics
of the outer control loop due to the change in the voltage at the PCC whenever the conditions
of the system change. Note that the unit of the variables is in pu. The base values are given in
Section 5.
The figures below show the eigenvalues and the singular values of the system when the SCR is
varied. It can be observed in Fig 30, that the poles of the systemmove progressively to the right
half plane (RHP) as the SCR decreases. On the other hand, in Fig 31 peaks of resonance appear
in the sub-synchronous region as the SCR decreases. Notice that for every signal the first peak
appears in the frequency range of [1 − 100] Hz, the second peak in the range of [100 − 200] Hz
and then it comes a group of peaks in the range of [300− 1000] Hz.
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Figure 30: Eigenvalues of the system at different SCRs
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Figure 31: Singular values of the system at different SCRs
7.2 Power line outage
The power line 2-4 of the five bus network has been removed in order to analyze the stability
of the system at different SCR values. Realize that a loss of power lines can occur in real power
systems at any time and it is important to study the behaviour of the system under such condi-
tions. As it can be observed in Fig. 32, there is a pair of poles that are located in the RHP when
the SCR = 2. To be exactly, this pair of poles are located in the points λ1,2 = 1.8461± j214.9894.
The singular values plot for different SCRs is shown in Fig. 33, note the graph at a SCR = 2 has a
resonance peak at a sub-synchronous frequency of 34Hz. Moreover, there is a second resonance
peak at a sub-synchronous frequency of 47 Hz when the SCR = 3, close to the synchronous
frequency of the grid. However, these results are similar to the ones obtained in Fig. 31.
The time response for the V cref_q and the icf_q at a SCR = 2 is shown in Fig. 34 and Fig. 35,
respectively. Notice that the linear model becomes unstable when the step occurs at the time
instant t = 2 s. However, the non-linear model remains stable under the same conditions. This
result is interesting because it shows that the linearmodel is not valid for this point of operation.
There are certain nonlinearities under these operation conditions that are not captured properly
by the linear model. This would require a more thorough study of the linear and non-linear
model. Something to bear inmind is that the amount of apparent power Sc that is being injected
when the step occurs is 1 pu.
It is important to realize that the loss of a power line changes drastically the topology of the
network and its characteristics. Also, the power flow needs to be redefined based on these
changes and one can expect new imposed power transfer capabilities in the system.
Moreover, it has been remarked previously the amount of active and reactive power that is being
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Figure 32: Eigenvalues for the system without line 2-4
injected into the network. Now, it is assessed the effect of changing the amount of reactive power
fromQc = 0.40 pu toQc = 0.20 pu before the step and then stepping upQc = 0.28 pu at the time
instant t = 2 s. The Pc and the SCR=2 is kept the same.
The eigenvalues plot shown in Fig. 37 shows that the pair of poles that were unstable in Fig. 32
became stable just by changing the amount of Qc injected. The VSC converter would need to
adjust to the new conditions of the network in order to avoid an unstable operation. This could
be an example of the power limitations imposed by the loss of a power line in a given network.
However, due to the proximity of the pair of poles to the RHPoscillations can be expected, as it is
shown in Fig. 38 where the voltage V cref_q of the converter is depicted. Notice that the resonance
peak in Fig 36 is the same in position as in Fig 33, but different in magnitudes. The resonance
peak is still present in the sub-synchronous region, but with a lower magnitude. Therefore, the
SCR variation affects the magnitude in the singular values plot.
The results obtained here lead to a sensitivity analysis of the VSC converter for different power
operations, which is addressed in Section 7.3.
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Figure 33: Singular values for the system without line 2-4
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Figure 34: Voltage reference V cref_q
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Figure 35: Current of the converter icf_q
100 101 102 103
Frequency [Hz]
0
10
20
30
40
50
60
70
Si
ng
ul
ar
 v
al
ue
s [
dB
]
Figure 36: Singular values at SCR=2, Pc = 0.80 pu and Qc = 0.2 pu
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Figure 37: Eigenvalues at SCR=2, Pc = 0.80 pu and Qc = 0.20 pu
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Figure 38: Voltage reference V cref_q at SCR=2, Pc = 0.88 pu and Qc = 0.28 pu
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7.3 Sensitivity analysis: power variation
The active and reactive power transfer capabilities of the VSC converter has limits that need to
be considered to ensure a proper operation of the system. Consider that the power line outage
introduced in Section 7.3 is still present for the simulations here described.
It would be interesting to study the effect of the power variation on the system, if the active
power is varied in the intervals of [−1 ≤ Pc ≤ 1] pu. The negative value of active power means
that the converter is absorbing power and the positive value means that is injecting power. The
well known expression for the apparent power Sc allows to determine the reactive power Qc.
Consider that the VSC converter is injecting or absorbing Sc = 1 pu.
Where Sc is:
Sc
2 = Pc
2 +Qc
2
And solving for Qc, it is obtained :
Qc =
√
1− Pc2
As it was demonstrated before, one can expect stable operation of the system under a SCR = 5,
therefore, the chosen SCR for the sensitivity analysis is 5.
Fig. 39 shows the poles variation of the system when the active power ranges from -1 to 1 pu
with sampling intervals of 0.2 pu. The colours range goes from darker to lighter colours.
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Figure 39: Eigenvalues for the sensitivity analysis
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Notice that in Fig. 39 there are three encircled poles, these correspond to the scenario where
the VSC converter is injecting Pc = 0.6 pu andQc = 0.8 pu. Making a participation factor modal
analysis of the system for this scenario, it is discovered that the unstable poles belong to the
PLL.
The participation factor modal analysis allows to study the stability of a given system. The
participation factor is a scalar value in the range of 0 to 1, that determines the degree of the
system parameters influence on the formation of oscillations mode for linear systems [29]. In
Appendix 7.10, it is shown the modal parameters and participation factors diagram for the
example here described.
Fig. 40 shows the singular values of this scenario. It can be observed that the magnitude is
around 22 dB for the range of frequencies of [1-100] Hz. This is an abnormal behaviour of the
system if compared to Fig. 31 or Fig. 33 . There is also a small resonance at frequency of 65.62
Hz, which is above the synchronous frequency of the system. There is not any sub-synchronous
resonance of high magnitude in the system, except for the slight increased magnitude in the
range of [1-100] Hz.
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Figure 40: Singular values for the sensitivity analysis at Pc = 0.6 pu and Qc = 0.8 pu.
In Fig. 41 it is shown the response in time for the voltage of the converter V cref_q, the non-linear
model of the system oscillates and the linear model of the system becomes unstable when the
step occurs at the time instant t = 2 s. This is an interesting result, because it shows that the non-
linear model is close to instability. On the other hand, the linear model being an approximation
of the non-linearmodel ismore prone to the instabilities becoming unstable. The other variables
of the VSC converter follow a similar behaviour.
As it can be seen, there are power transfer capabilities that need be considered for stable oper-
ations regardless of the strength of the equivalent network. Reactive power is bounded by the
AC terminal voltage [30], in order to keep the proper voltage drop limits inside the network.
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Figure 41: Voltage reference V cref_q at Pc = 0.6 pu and Qc = 0.8 pu
7.4 More on power line outage
Previously it was shown the effect of the disconnection of a power line on the system. It would
be interesting to see how the system behaves when different lines are disconnected. The power
line 2-4 was disconnected before, there was not any particular reason for choosing that line,
since the main goal was to asses how the system would behave under the new topology of the
network.
Now, the eigenvalues and singular values for the system are plotted by disconnecting one dif-
ferent line of the system per simulation. Consider that the lines connected to bus 1 and bus 3 are
in series, therefore it means that if line 1-5 is disconnected so it is line 1-2. The same happens for
lines 2-3 and line 4-3. The complete network is also plotted to have a reference for comparison.
In Fig. 20 is shown the power system. The chosen SCR for these simulations is 5.
As it can be seen in the figures found inAppendix 7.11, depending onwhich line is disconnected
the system has a different behaviour. Under certain network topologies the poles move more to
the RHP. Similarly, the singular values show the same behaviour by moving more to the sub-
synchronous frequencies. The legend in the figures specify which line is removed.
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Conclusions
Important conclusions can be derived from the modelling process applying the admittance ma-
trix and state-space representation in the qd0-domain to power networks.
1. The admittance matrix model can be easily derived, the matrix relates the voltages and
currents of a network. Also, it becomes easy to check for possible mistakes or errors.
Moreover, the manipulation of the matrix is straightforward by means of simple algebraic
operations which allows to add, remove or change any value of the matrix.
2. The state-space model becomes challenging when the size of the network and the amount
of elements capable of storing energy (i.e. capacitive and inductive elements) increase,
manipulation of the SS model once it has been created becomes difficult due to some de-
pendent variables.
3. In terms of validation, the state-space model becomes easy to validate, normally it is done
by means of a model created in SIMULINK. On the other hand, the admittance matrix
model is challenging when validation is required because it should be expressed as a
transfer function, which it is obtained by solving for the desired variables. And for large
matrices with many inputs and outputs is difficult to solve for the proper variables. Al-
though, since it is so easy to check that every element of the admittance matrix is correct,
no validation is often required. The validation discussed in this point it is a validation in
time, in this thesis the validations were performed in the s-domain, whenever the models
were compared.
4. As it was previously stated in Section 2.3, the size of the matrix in the admittance ma-
trix model can become an issue when the inverse matrix is required, because of the large
amount of data present in the matrix. This is an important characteristic to be considered
whenmodelling large power networks and this definitely makes the state-space represen-
tation as the only possible modelling technique under such cases.
5. Other advantage of state-space representation over the admittance matrix, is the property
to obtain easily any particular output variable response of the system. On the contrary,
the admittance matrix requires more mathematical procedures to obtain the same output
variable.
Regarding the VSC converter and the strength of the network the following conclusions can be
derived:
1. Two models of the system were presented and discussed, the non-linear model created
in MATLAB-SIMULINK and the state-space linear model. Both models were validated in
time, firstly by connecting the VSC converter with an equivalent network and secondly by
connecting it with the five bus network and equivalent network.
2. The angle ∆θ provided by the PLL in the linear model should be properly referenced in
the network, otherwise it would introduce phase shifts in the signals of the linear model
making the comparison with the non-linear model to mismatch.
3. As detailed in Section 7, the SCRvariation in the equivalent network demonstrates that the
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linear model losses accuracy when the SCR is low. The linear model of the system is not
valid for some conditions of operation. Being the linear model an approximation of the
non-linear model, there are some non-linearities that appeared under certain conditions
of operation (low SCR values) that are not approximated by the linear model.
4. The active and reactive power transfer capabilities are to be considered depending on the
SCR value, as it was demonstrated. Changes in the topology of a network along with a
low SCR would make the system weaker.
5. The results obtained in this thesis show that weak AC grids would impact on the VSC
converter control systemmaking it prone to instabilities. This thesis does not address any
control solution as some literature does, but attempts to show the behaviour and interac-
tions of a VSC converter when connected to a large network.
Suggestions for future research
This thesis is focused on two modelling techniques for power systems and on the interactions
of a grid-connected VSC converter with an AC grid. Because of this, some simplifications were
made in the control system regarding the outer control loop. The next stepwould be to consider
the complete model of the outer control loop to have a more detailed model of the system. It
would be interesting too, to include more than one VSC converter in the power system and
study the interactions between converters and the AC grid.
Another topic that would be interesting to study are the causes why the linear model does not
approximate properly the non-linear model under certain conditions of operation.
Finally, something that would be helpful and interesting to develop is a MATLAB function ca-
pable of generating the state-space model of a given system regardless of its size. Also, capable
of making any modification just by providing or removing the proper input data. This would
make the modelling procedure faster and less complicated, specially for large power systems.
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Appendices
7.5 Power line parameters calculation
7.5.1 Equivalent-pi parameters
Here it is detailed the calculation of the OHL parameters for the five bus network. Due to the
topology of the network and the length of the lines, distributed parameters for the lines are
considered.
The distributed parameters of a power line are represented by an equivalent-pi [3], shown in
Fig. 42.
Figure 42: Equivalent-pi of a transmission power line
The subscript "S" and "R", stand for sending and receving ends, respectively.
Where Z ′ and Y ′ are:
Z ′ =
Z sinh (γ`)
γ`
Y ′
2
=
Y
2
tanh
(
γ`/2
)(
γ`/2
) (7.1)
And Z and Y are :
Z = z` = (R+ jXL) ` Y = y` = (G+ jXC)` (7.2)
From (7.2), it can be appreciated the resistance R, the inductive reactanceXL, the capacitive re-
actanceXC and the conductanceG of a transmission line of length `. However, the conductance
G is considered to be zero for all calculation purposes in this thesis.
The propagation constant γ in (7.1), is given by the following expression:
γ =
√
zy (7.3)
7.5.2 Inductance and capacitance of overhead power lines
Based on the information given in Table 2, the inductance and capacitance of the transmission
lines can be calculated. The coordinates of the transmission lines are shown in Fig. 43.
The inductance is given by the following expression:
L = 0.2 ln
GMD
GMR
[
mH/km
]
(7.4)
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Figure 43: Transmission lines coordinates
And the capacitance:
C =
1000
18 ln GMDrcond
[
nF/km
]
(7.5)
where the geometric mean distance GMD is:
GMD = 3
√
dAB dBC dCA [m] (7.6)
The d term in (7.6) is the distance between conductors and the rcond term in (7.5) is the outer
radius of the conductor. Previous equations are taken from [3].
Taking into account the data provided and the equations detailed previously, let us calculate
the inductance and capacitance.
The GMD of the transmission lines is :
GMD = 3
√
8.05× 8.05× 16.01 = 10.1424 m (7.7)
The outer radius of the conductor and geometric mean radius are given in Table 2.
The inductance is:
L = 0.2 ln
10.1424
12.757 33× 10−3 = 1.3357 mH/km (7.8)
The conductance is:
C =
1000
18 ln 10.1424
15.8115× 10−3
= 8.5950 nF/km (7.9)
Once the inductance L and capacitance C are obtained, it is straight forward the calculation of
the impedance z and admittance y of the equivalent-pi transmission line.
7.6 Thevenin equivalent
Here is described the Thevenin equivalent network, it is assumed a X/R = 10 and a variable
SCC. In order to obtain the impedance of the equivalent network, it is assumed that the amount
of active power capable of exchanging is 250 MVA.
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The impedance Zeqv can be calculated as follows:
Zeqv =
V 2
Seq SCC
1
Zbase
[pu] (7.10)
The resistance Reqv and reactance Xeqv are respectively the real and imaginary part of the
impedance Zeqv. Since X/R = 10 the following expression is obtained:
Zeqv =
√
R2eqv +X
2
eqv
=
√
R2eqv +
(
10Reqv
)2
=Reqv
√
101
(7.11)
Solving for Reqv of (7.11):
Reqv =
Zeqv√
101
[pu] (7.12)
And Xeqv is :
Xeqv = 10
Zeqv√
101
[pu] (7.13)
7.7 VSC converter filter parameters
The grid-connected converter parameters are given in Table 5. Data is taken from the Inelfe
project, which is the interconnection link between Spain and France. Due to confidentiality
reasons, only generic data is provided.
Notice that the power rate of the VSC converter and transformer do not match the ones previ-
ously defined for the five bus network. However, what it is important to obtain from the table
is the filter resistance Rf and inductance Lf .
Table 5: Converter and power transformer parameters
Parameter Symbol Value Units
Converter power Sc 1× 109 VA
Arm inductance Lc 50× 10−3 H
Arm resistance Rc 68.22× 10−3 Ω
Number of cells nc 400
Cells capacitance Cc 9.5× 10−3 F
Transformer voltage ratio a 333/400
Converter side voltage Vc 333 kV
Grid side voltage Vgrid 400 kV
Transformer power St 1.059× 109 VA
Resistance Rt 0.00212 pu
Reactance Xt 0.18 pu
The mismatch in power is irrelevant, because the main purpose is to show the order of magni-
tude of the parameters. Consider also that the values are expressed in per unit.
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First it should be determined the resistance and reactance of the transformer in its respective
units. For doing so, the base impedance Zbase needs to be determined, then:
Zbase =
V 2base
Sbase
=
V 2grid
St
=
(400× 103)2
1.059× 109 = 151.10 Ω (7.14)
Multiplying Rt and Xt per Zbase, then:
Rt = 0.00212× Zbase = 0.32 Ω (7.15)
and:
Xt = 0.18× Zbase = 27.20 Ω (7.16)
Now it can be calculated the Rf and Lf . Also, the arm inductance Lc and resistance Rc need to
be referenced to the secondary side of the transformer, then:
Rf = Rt + a
2Rc
2
= 0.32 +
(
330
400
)2
×
(
68.22× 10−3
2
)
= 0.343 Ω (7.17)
and :
Lf =
Xt
w
+ a2
Lc
2
=
27.20
2pi50
+
(
330
400
)2
×
(
50× 10−3
2
)
= 0.104 Ω (7.18)
Changing (7.17) and (7.18) into pu, then:
Rf =
Rf
Zbase
= 0.0022pu = 0.22 % (7.19)
and:
Lf =
Lf
Zbase
= 0.685× 10−3 pu = 0.0685 % (7.20)
7.8 Linear model of the system
The linear model of the system is properly described by means of the SS representation. For
better understanding of the variables and developed equations below, the reader is referred to
Figure 24.
7.8.1 The phase-locked loop
The state-space representation of the PLL is given by the following expression in matrix form:
Apll =
[
0 0
−ki_pll 0
]
Bpll =
[
1
−kp_pll
]
Cpll =
[
0 1
]
Dpll = [01x1]
(7.21)
where x˙pll =
[
Φ θˆ
]T
, upll =
[
V c2_d
]
and ypll =
[
θˆ
]
.
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7.8.2 The current control loop
The state-space representation of the current control loop is given by the following expression
in matrix form:
Ail = [02x4] Bil =
[
1 0 −1 0 0 0
0 1 0 −1 0 0
]
Cil =
[
−ki_il 0
0 −ki_il
]
Dil =
[
−kp_il 0 kp_il −ωLf 1 0
0 −kp_il ωLf kp_il 0 1
] (7.22)
where x˙il =
[
ie_q ie_d
]T ,uil = [iref_q iref_d icf_q icf_d V c2_q V c2_d]T andyil = [V cref_q V cref_d]T .
7.8.3 Linearized transformation matrix
To be able to include the rotation effect of the Transformation Matrix T (θ) in the linear model,
T (θ) needs to be linearized. Small signals are assumed and the non-linear model can be ex-
pressed in terms of Taylor’s series expansion [31].
Rotation effect of the transformation matrix for the voltage V2_qd at the Bus 2 , from the abc-
domain to the qd0-domain:
ATv = [01x1] BTv = [01x3]
CTv = [02x1] DTv =
[
cos (∆θ0) − sin (∆θ0) − sin (∆θ0) ∆V g2_q0 − cos (∆θ0) ∆V g2_d0
sin (∆θ0) cos (∆θ0) cos (∆θ0) ∆V
g
2_q0 − sin (∆θ0) ∆V g2_d0
]
(7.23)
where x˙Tv = [0]T , uTv =
[
V g2_q V
g
2_d θˆ
]T
and yTv =
[
V c2_q V
c
2_d
]T .
Rotation effect effect of the transformation matrix for the current of the converter if_qd, from the
abc-domain to the qd0-domain:
ATi = [0] BTi = [01x3]
CTi = [02x1] DTi =
[
cos (∆θ0) − sin (∆θ0) − sin (∆θ0) ∆igf_q0 − cos (∆θ0) ∆igf_d0
sin (∆θ0) cos (∆θ0) cos (∆θ0) ∆i
g
f_q0 − sin (∆θ0) ∆igf_d0
]
(7.24)
where x˙Ti = [0]T , uTi =
[
igf_q i
g
f_d θˆ
]T
and yTi =
[
icf_q i
c
f_d
]T .
Rotation effect effect of the transformation matrix for the voltage of the converter Vref_qd, from
the qd0-domain to the abc-domain:
AiTv = [0] BiTv = [01x3]
CiTv = [02x1] DiTv =
[
cos (∆θ0) sin (∆θ0) − sin (∆θ0) ∆V cref_q0 + cos (∆θ0) ∆V cref_d0
− sin (∆θ0) cos (∆θ0) − cos (∆θ0) ∆V cref_q0 − sin (∆θ0) ∆V cref_d0
]
(7.25)
where x˙iTv = [0]T , uiTv =
[
V cref_q V
c
ref_d θˆ
]T
and yiTv =
[
V gf_q V
g
f_d
]T
.
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7.9 Figures of the validation of the VSC converter
Fig. 44 and Fig. 45 shows the validation of the VSC converter connected to the equivalent
network.
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Figure 44: Small perturbation in the current icf_q of the converter
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Figure 45: Small perturbation in the PCC voltage V cpcc_q
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Fig. 46, Fig. 47, Fig. 48 shows the validation of the VSC converter connected to the five bus
network and equivalent network.
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Figure 46: Small perturbation in the current icf_q of the converter
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Figure 47: Small perturbation in the PCC voltage V cpcc_q
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Figure 48: Difference between the estimated angle θˆ and the grid angle θg
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7.10 Example
In Table 6, it can be observed that there are three poles located in the RHP. Notice that the
damping of such poles is negative. The mode number associated to these poles is 21,19 and
20. Looking for those numbers in Fig. 49, it can be seen that the variable θ (which is a state of
the PLL) has the highest participation on those poles. Therefore, it can be said that the PLL is
the cause of instability when the system operates at the given conditions of active and reactive
power.
Table 6: Modal Parameters
Mode Real Imaginary Damping fp fn fr
21 171.0870 0.0000 -1.0000 0.0000 27.2293 j27.2293
19 55.2985 422.1217 -0.1299 67.1828 67.7568 66.6038
20 55.2985 -422.1217 -0.1299 67.1828 67.7568 66.6038
1 -19.2505 4167.0381 0.0046 663.2047 663.2118 663.1976
2 -19.2505 -4167.0381 0.0046 663.2047 663.2118 663.1976
3 -18.5547 3465.8709 0.0054 551.6105 551.6184 551.6026
4 -18.5547 -3465.8709 0.0054 551.6105 551.6184 551.6026
5 -19.2296 3538.7818 0.0054 563.2146 563.2229 563.2063
6 -19.2296 -3538.7818 0.0054 563.2146 563.2229 563.2063
7 -17.3164 2840.6156 0.0061 452.0980 452.1064 452.0896
8 -17.3164 -2840.6156 0.0061 452.0980 452.1064 452.0896
9 -19.1459 2754.3162 0.0070 438.3630 438.3736 438.3525
10 -19.1459 -2754.3162 0.0070 438.3630 438.3736 438.3525
17 -7.2062 1006.5308 0.0072 160.1943 160.1985 160.1902
18 -7.2062 -1006.5308 0.0072 160.1943 160.1985 160.1902
13 -18.6809 2126.8789 0.0088 338.5033 338.5163 338.4902
14 -18.6809 -2126.8789 0.0088 338.5033 338.5163 338.4902
11 -20.3518 2239.6444 0.0091 356.4505 356.4652 356.4358
12 -20.3518 -2239.6444 0.0091 356.4505 356.4652 356.4358
15 -20.1637 1611.6022 0.0125 256.4945 256.5145 256.4744
16 -20.1637 -1611.6022 0.0125 256.4945 256.5145 256.4744
25 -41.0156 314.1593 0.1295 50.0000 50.4243 49.5720
26 -41.0156 -314.1593 0.1295 50.0000 50.4243 49.5720
23 -41.0681 314.1593 0.1296 50.0000 50.4254 49.5709
24 -41.0681 -314.1593 0.1296 50.0000 50.4254 49.5709
22 -204.5919 0.0000 1.0000 0.0000 32.5618 0.0000
27 -76.8364 0.0000 1.0000 0.0000 12.2289 0.0000
28 -1.0645 0.0000 1.0000 0.0000 0.1694 0.0000
29 -100.0000 0.0000 1.0000 0.0000 15.9155 0.0000
30 -3.2117 0.0000 1.0000 0.0000 0.5112 0.0000
fn= Natural frequency
fp= Poles frequency
fr= Resonance frequency
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Figure 49: Participation factors
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7.11 More on power line outage
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Figure 50: Eigenvalues for the power lines disconnection
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Figure 51: Singular values for the power lines disconnection
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7.12 Environmental Impact
This project does not have any impact on the environment considering that it is a theoretical
project and will not be developed in reality. However, one can consider the environmental
impact of the resources used for the development of this thesis.
Consider that this thesis took sevenmonth to be fully completed, working every day an average
of 8 hours and 20 days permonth. The electrical energy consumed by the computer and lighting
of the office should be considered and it is shown in the following table:
Consumer Quantity Power (W) Usage per month (h) Months Energy (kWh)
Lamps 9 36 160 7 363
Computer 1 50 160 7 56
Total 419
According to [32], the Spanish electricity mix in 2017 on average produced 0.28 kgCO2/kWh.
Therefore, the impact of the electricity consumption is of 419× 0.28 = 117 kgCO2.
Another thing to consider is the impact of the chosen transport system to move from home to
the university, which is at a distance of 2 km away. The chosen transport system is the tram.
Four trips were made on average per day. And according to www.terra.org/calc/ the tram
usage per year accounts to 73 kgCO2. And for seven months (20 days per month) this amount
accounts to 29 kgCO2.
It is concluded that this work contributed with 146 kgCO2 to the environment.
